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Abstract
We introduce a new classification algorithm based on
the concept of Symmetric Maximized Minimal distance in
Subspace (SMMS). Given the training data of authentic
samples and imposter samples in the feature space, SMMS
tries to identify a subspace in which all the authentic
samples are close to each other and all the imposter
samples are far away from the authentic samples. The
optimality of the subspace is determined by maximizing
the minimal distance between the authentic samples and
the imposter samples in the subspace. We present a
procedure to achieve such optimality and to identify the
decision boundary. The verification procedure is simple
since we only need to project the test sample to the
subspace and compare it against the decision boundary.
Using face authentication as an example, we show that the
proposed algorithm outperforms several other algorithms
based on support vector machines (SVM).

class variance in the subspace. The applications of these
algorithms can be found in [3][4][5][6][7][8][9] for
biometric recognition and authentication. These
algorithms based on global optimization provide good
performance when the data distribution is close to
Gaussian.
Other matching algorithms determine their decision
boundaries by supporting patterns [10]. Supporting
patterns are typically training samples near the decision
boundary.
Support
vector
machines
(SVM)
[11][12][13][14][15] optimize the supporting patterns by
maximizing the gap between the authentic samples and the
imposter samples regardless of the data distribution. This
“maxmin” approach outperforms the global optimization
approach, when the data distribution is not Gaussian as
shown by several face authentication and recognition
applications [16][17][18].

1. Introduction
With the evolving biometric applications, more and
more biometric authentication algorithms will be applied
to hand-held devices. Due to the size and power
constraints of these devices, the computational complexity
of the verification procedure will be the main
consideration for choosing the right algorithms.
The subspace approach is suitable for biometric
authentication applications because of its simplicity in the
verification procedure. We only need to project the test
sample onto the subspace. Most subspace matching
algorithms determine the subspace by optimizing certain
global measures such as the mean squared error (MSE) or
the variance ratio. For example, the principle component
analysis (PCA) [1] subspace is determined by minimizing
the reconstruction errors of samples in the subspace using
the MSE criterion. The Fisher’s linear discriminant
analysis (LDA) [2] projection is defined by maximizing
the ratio between the intra-class variance and the inter-

Figure 1. Linear SVM
A linear SVM [14] maximizes the separation gap
between the authentic samples (xi(authentic), hexagon pattern)
and the imposter samples (yj(imposter), triangle pattern) as
shown in Figure 1. Alternatively, the optimal parameters w
and b are optimized by
max{min (w T y j ( imposter ) + b) − max(w T x i ( authentic ) + b)} ,
w ,b

j
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wT w = 1
The computation requirement for verification is low
since only one inner product between the input vector x
and the projection vector w is needed. We use the

following criterion to decide whether the input vector x is
authentic or not.
f ( x) = w T x + b ≤ threshold , x → authentic sample
This is equivalent to projecting x onto a onedimensional subspace and comparing the result with the
threshold. The threshold value can be chosen from the
Receiver Operating Characteristic (ROC) curve to meet
the false accept rate (FAR) vs. false reject rate (FRR)
requirement in the design specifications.
A linear SVM may fail when the authentic samples
(hexagon patterns) are surrounded by the imposter samples
as seen in Figure 2. It is not possible to find a linear plane
to separate authentic samples from all imposter samples in
this case. One way to solve this problem is to seek a
separation plane by mapping the training samples to a
higher dimensional space [14]. After mapping, the samples
may be well separated, but there are two potential
problems in this approach. First, the advantage of
simplicity is lost. When the samples are mapped to a
higher dimensional space, we have to keep many support
vectors to describe the separation boundary instead of only
one projection vector w. In addition, the over fitting
problem may be encountered, that is, the samples may be
too few to train SVM in a high dimensional space.
In this paper, we propose a new approach called
Symmetric Maximized Minimal distance in Subspace
(SMMS) to perform classification. By allowing the
imposter samples to surround the authentic samples, hence
“symmetric”, this algorithm tries to let the authentic
samples cluster together and the imposter samples be far
way from the authentic samples in the subspace. For
example, in the case of using a one-dimensional subspace,
the imposter samples are on both sides of the authentic
samples and are separated 2 hyper-planes shown in Figure
2. The optimality of the subspace is determined by
maximizing the minimal distance between the authentic
samples and the imposter samples in the subspace. The
samples that are not linearly separable by one plane can
now be well separated by SMMS in Figure 2.

The paper is organized as follows. In the next section,
we introduce the classification algorithm based on
SMMS. In Section 3, we describe the face database used
in the experiment and compare the authentication
performance of our algorithm with SVM. The conclusion
is given in Section 4.

2. Symmetric Maximized Minimal distance
in Subspace (SMMS)
We will introduce the one-dimensional SMMS
algorithm in details and then extend the algorithm to
higher dimensions.
In the one-dimensional SMMS algorithm, we use the
following criterion to decide whether the input vector x is
authentic or not.
(1)
f ( x) = w T x + b ≤ threshold
To train the SMMS classifier, given M authentic
samples, xi, and N imposter samples, yj, we try to
maximize the minimal difference f (x) between the
authentic samples and the imposter samples as shown
below:

max{min w T y j + b − max w T x i + b }
w ,b

j

i

j = 1, 2, … , N ; i = 1, 2, … , M

(2)

with the normalization constraint w w + b = 1 .
To simplify the formulation, we let p i T = x i T
T
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b . Then, we can rewrite (2)
q j = y j 1 and a = w
and normalization constraint as
(3)
max{min aT q j − max aT p i }
T

T

T

a

T
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(4)
aT a = 1
Since we try to maximize the gap, ideally, the
authentic samples should be all squeezed onto a plane,
intuitively. We assume the authentic samples pi can be
fitted by one hyper plane as shown in Figure 3.
(5)
aT p = 0
Typically, this is possible because M is less than the
dimension of input data.

Figure 2. Samples separable by 2 hyper-planes
Figure 3. Modeling the authentic data

Therefore, we can simplify the optimization criterion
(3) as follows:
(6)
max{min aT q j }
j

a

along with the constraint (5).
To find a due to the constraint equation (5), we can
limit the feasible solution region to the null space,
E = [e k +1, e k + 2, ..., e d ] , of the subspace spanned by the
authentic samples, where k is the rank of the subspace of
the authentic samples and d is the dimension of vector qj.
The vector a can be expressed as follows.
(7)
a = rk +1e k +1 + ... + rd e d = Er , ET E = I
Now our optimization becomes solving the coefficient
vector r. We can project the imposter sample qj onto the
subspace E to get the projected vector q’j as shown in
Figure 4.
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If we assign the non-zero weight to minimum value of
Qj and the zero weights to all the others, the minimum of
Qj(r) will be equal to the weighted sum in equation (10).
(10)
min Q ≈
s Q =m
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The weights are adjusted iteratively to make the
weighted mean close to the minimum value. The weights
are increased for the small values of Qj, while the other
weights are decreased respectively. Now the optimization
can be written as
2
(11)
J = max{ s Q (r )} = max{ s r T q' }
r
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Since both r and sj are unknown, we try to solve them
iteratively. We initialize sj first. Given the updated sj, we
try to solve r. Then given current r, we try to update sj.
The iterative procedure consists of four steps to obtain
the optimal solution of r.
1. Initialize weights for sj. Each sj is set to the same
value.
j=1,…, N
(12)
s j = 1/ N ,
2.

Solve r by optimizing (11). The solution r is
given by the eigenvector corresponding to the
biggest eigenvalue of the following matrix
T
(13)
s q' q'

∑

j

j

j

j

3.
Figure 4. Projecting imposter samples into null
space
Finding r is equivalent to finding a projection vector
in E that optimizes (8)

The difference ej is used to determine how
the weights are updated. If the value Qj is smaller
than the weighted mean mw, ej will be negative. In
this case, Qj is more likely to be closer to the
origin on projection vector r; therefore, the
corresponding weight will be increased.
Otherwise, the weight remains unchanged.
s j + v(−e j ) s j( n ) , e j < 0
(15)
s' j =  ( n )
( n +1 )
ej ≥ 0
 s j( n ) ,

max{min (Er ) T q j } = max{min r T (E T q j ) }
j

r

r

j
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= max{min r q' j } = max{min r T q' j }
T

r

j

r
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with the following constraint equation r T r = aT a = 1 .

Figure 5. Maximizing the minimal distance to find
the optimal projection basis
We approximate the minimization procedure as
follows. We assign a weight sj to each value Qj(r)
2
= r T q' j . And we constrain the sum of all the weights to

be 1.

Update sj with the projection vector r. We
evaluate Qj and compare it with the weighted
mean mw. We define the difference ej as
(14)
e j = Q j − mw

where n is the index of iteration and v is a
positive value to control the updating speed.
The weights are normalized to satisfy the
constraint of equation (9).
(16)
s = ∑ s' j
( n +1 )

j

s j( n +1) = s' j( n +1) / s
4.

(17)

Go back to step 2 until the solution converges. If
the solution converges, we choose r from the last
step as the optimal solution for r. Otherwise, after
the maximum number of iterations, we choose r
that provides the minimum number of non-

positive terms ej among all the iterations as the
optimal solution for r.
We use the final projection vector roptimal to determine
the optimal projection vector a optimal = Eroptimal .

eigenvectors corresponding to the R biggest eigenvalues of
the matrix in (13).
With H optimal = [r1
, r2optimal ,..., rRoptimal ] , the optimal
optimal

SMMS can be extended to higher dimensions. If we
extend the subspace for verification to be R-dimensional,
with the SMMS algorithm, the following criterion is used
to decide whether x is authentic as shown in Figure 6.

a n optimal = Ernoptimal , n = 1, 2,...,R

(23)

3. Experiment

2

T x 
f (x) = ∑ l n   ≤ threshold
n =1
1 
R

(18)

Figure 6. The optimal projection subspace in R=2
dimension
Here we try to maximize the minimal squared distance
between the authentic samples and the imposter samples in
a subspace L = [l 1 , l 2 ,..., l R ] as follows.
2

2

T y 
T x 
max{min ∑ l n  j  − max ∑ l n  i  }
j
i
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j = 1, 2, … , N ; i = 1, 2, … , M

(19)

with the normalization constraint (20).
T
T
l n l m = 1,
m = n = 1, 2,...,R
T
T
(20)
m≠n
l n l m = 0,
The authentic samples are fitted to one hyper plane as
before. Each imposter samples qj is projected onto the null
space E of the subspace spanned by the authentic samples
to get the projected vector q’j. Instead of an optimal
projection vector r in the one-dimensional subspace, we
find an optimal projection subspace H = [r1 , r2 ,..., rR ] in
the null space E.
The optimal r1 , r2 ,...,rR are determined by the
following optimization
2 

R T
(21)
J = max min
r q'
r1 , r2 ,...,rR

projection subspace is as follows
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with the following constraints
T
T
rn rm = 1,

∑
 n =1

n
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m = n = 1, 2 ,...,R

T
T
(22)
m≠n
rn rm = 0,
We solve r1 , r2 ,..., rR by optimizing the (21) using the
same procedure as before with the following exception.
R
2
First, we redefine Q j = ∑ rn T q' j .
n =1

In addition, we change the Step 2 in the iterative
optimization procedure. Since we try to solve r1 , r2 ,..., rR
by optimizing (21), The solution r1 , r2 ,..., rR is given by the

Our face database has 20 subjects. Each subject has
15 training images and 190 test images with different
poses. Both the test and training images are of
64 × 64 grayscale images. In Figure 7, the sample images
from six subjects in this database are shown in different
rows. A lot of pose variations can be observed from this
database. Thus, it is a very challenging database for face
authentication.

Figure 7. Samples from our pose database
We use all the training images (15*20) to construct a
PCA subspace with the first 100 eigenvectors
corresponding to the 100 biggest eigenvalues to perform
dimension reduction for each training and test image.
EER

Subject #01
Subject #02
Subject #03
Subject #04
Subject #08
Subject #15
Subject #16
Subject #17
Subject #18
Subject #19
Average of above
10 subjects
Average of all
subjects

Linear
SVM
10 %
19 %
7.4 %
26 %
9.5 %
13 %
28 %
22 %
19 %
13 %

SMMS
-1D
20 %
11 %
7.3 %
15 %
13 %
10 %
13 %
6.1 %
16 %
4.1 %

SMMS
-2D
5.7 %
16 %
4.2 %
15 %
7.1 %
11 %
11 %
4.2 %
15 %
4.3 %

17 %

12 %

9%

11.8 %

17 %

12.3 %

Table 1. EER on 100 PCA coefficients of pose
database of 20 persons
Here we compare our proposed algorithms SMMS
with one-dimensional subspace (SMMS-1D) and SMMS
with two-dimensional subspace (SMMS-2D) with the
linear SVM in our pose database as shown in Table 1. We
show that the SMMS algorithms are better than linear
SVM for some subjects in Table 1. When the linear SVM
algorithm makes more errors for some subjects, such as
subject 04, 16 and 17, the SMMS algorithm can reduce
them to have fewer errors.

We perform another experiment by increasing the
number of subspace dimensions for the proposed SMMS
by average equal error rate (EER) of all subjects. We
compare the result of EER of linear SVM and SMMS
from 1D to 7D in Figure 8. The horizontal axis in Figure 8
is the number of dimensions for subspace and the vertical
axis is EER of the algorithm. The SMMS outperforms the
linear SVM in terms of average EER, when D = 4, 5, 6
and 7. The baseline algorithm, linear SVM, has on average
EER=11.8%. The SMMS with a 7-dimensional subspace
reduces EER to 9.1% on average with a total of 20
subjects.

Numbers of
better subjects
SMMS-1D
SMMS-2D
SMMS-3D

SVMlinear
6
12
13

SVMRBF
6
12
15

SVM-polynomial
(degree=2)
35
39
47

Table 2. Numbers of better subjects on 100 PCA
coefficients of PIE pose database of 68 persons

Numbers of
better subjects
SMMS-1D
SMMS-2D
SMMS-3D

SVMlinear
5
8
11

SVMRBF
10
14
11

SVM-polynomial
(degree=2)
41
50
53

Table 3. Numbers of better subjects on 50 PCA
coefficients of PIE pose database of 68 persons

Numbers of
better subjects
SMMS-1D
SMMS-2D
SMMS-3D
Figure 8. Comparison of EER between linear SVM
and SMMS
We also test our algorithm on a pose variation subset
of the PIE face database [19] with 68 subjects. We use 5
images for training and 4 images for testing for each
subject. All the images are 64 × 64 grayscale cropped
images. In Figure 9, the training and test face images from
3 subjects in this database are shown in different rows.
This is also a very challenging database for face
authentication because there are lots of pose variations.

Figure 9. Sample training (a) images and test (b)
images from PIE database
Six algorithms have been tested on this database.
Three of them are algorithms based on support vector
machines with different kernels such as linear, Radial
Basis Function (RBF) and polynomial [14]. The other
three are the proposed SMMS algorithm with 1D, 2D and
3D subspaces. We show the experimental results on this
PIE pose database with different number of PCA
coefficients separately. For dimension reduction, we use
all the training images (5*68) to construct a PCA subspace
with 100, 50 or 35 coefficients. The experimental data in
the Table 2, Table 3 and Table 4 and are the numbers of
the subjects, for which the corresponding SMMS
algorithm outperforms the corresponding SVM algorithm
in the test, out of a total of 68 subjects. The EER for 68
subjects are shown in Table 5, Table 6 and Table 7.

SVMlinear
4
14
9

SVMRBF
6
10
13

SVM-polynomial
(degree=2)
39
49
50

Table 4. Numbers of better subjects on 35 PCA
coefficients of PIE pose database of 68 persons

100 PCA
coefficients
EER
100 PCA
coefficients
EER

SVMlinear
20 %
SMMS1D
36 %

SVMRBF
18 %
SMMS2D
31 %

SVM-polynomial
(degree=2)
38 %
SMMS
-3D
27 %

Table 5. Average EER on 100 PCA coefficients of
PIE pose database of 68 persons

50 PCA
coefficients
EER
50 PCA
coefficients
EER

SVMlinear
19 %
SMMS1D
36 %

SVMRBF
20 %
SMMS2D
30 %

SVM-polynomial
(degree=2)
40 %
SMMS
-3D
27 %

Table 6. Average EER on 50 PCA coefficients of
PIE pose database of 68 persons

35 PCA
coefficients
EER
35 PCA
coefficients
EER

SVMlinear
20 %
SMMS1D
36 %

SVMRBF
20 %
SMMS2D
32 %

SVM-polynomial
(degree=2)
40 %
SMMS
-3D
27 %

Table 7. Average EER on 35 PCA coefficients of
PIE pose database of 68 persons
We have shown that the SMMS algorithms are better
than SVM algorithms for some subjects in the PIE pose
database. So we propose to use SMMS to authenticate
those subjects instead of SVM algorithms, because SMMS
algorithms are simple and yield better performance. As

shown in Table 5, Table 6 and Table 7, the average result
of SMMS is better than SVM with polynomial kernel but
worse than SVM with linear or RBF kernels. It is good to
apply different algorithms to authenticate different
subjects. We can choose from the SVM and SMMS
algorithms to perform authentication on different subjects
using some offline model selection method, such as taking
a validation set to choose different algorithms. This kind
of selection approach will improve the overall
authentication performance. In Table 8, we show the
algorithm complexity of SMMS of R-dimensional
subspace with d-dimensional input data.
Storage
unit
R

SMMS-RD

Authentication
time unit
O(d3)

Verification
time unit
O(Rd)

Table 8. Algorithm complexity

4. Conclusions
In this paper, we proposed a new algorithm based on
the concept of Symmetric Maximized Minimal distance in
Subspace (SMMS). In the training stage, SMMS tries to
identify a subspace in the feature space where all the
authentic samples are clustered together and all the
imposter samples surrounding the authentic data are as far
as possible. The optimality of the subspace is determined
by maximizing the minimal distance between two classes
in the subspace to identify the decision boundary. A new
procedure to achieve such “maxmin” optimality is
proposed. In the verification stage, the test sample is
simply projected onto the subspace and compared against
the decision boundary. Based on face authentication as an
example, we show that the proposed algorithm
outperforms several algorithms based on support-vector
machines (SVM) on those challenging data patterns from
several databases. SMMS can provide better performance
for those subjects in our pose database, while SVM has a
relatively large error. So we propose SMMS to perform
authentication for those subjects instead of SVM.
This paper shows that the subspace classification with
the symmetric maximizing minimal criterion is a
promising way to enhance the performance of subspacebased authentication algorithms. Along this direction, our
future work is to select the subspace without constraining
the authentic samples on a hyper plane.
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